We show how the hypothesis that galaxy discs conform to self-similar dynamics leads to the identification of an annular region of the optical disc which is such that, corresponding to the Tully-Fisher scaling law defined on the exterior annular boundary, there is a similar scaling law defined on the interior annular boundary. This result is confirmed at the level of statistical certainty over several large ORC samples. Furthermore, the same analysis provides insight into the uncertainties associated with the "best" way of defining V max , the rotation velocity used for the Tully-Fisher scaling law and R max , the galaxy radius at which V max is measured. Finally, as a direct consequence, we are led to a refined Tully-Fisher law which is largely insensitive to the means by which a galaxy's rotation velocity is defined.
Introduction

General comments
One of the many problems which hinders our understanding of the underlying primary processes driving spiral galaxies is the fact that such galaxies are frequently observed to be "afflicted" by one of the following:
5. unusually active central regions, and so on. The net effect of these various phenomena is to considerably complexify the task of identifying the irreducible physics and phenomenology which define the essential nature of the spiral galaxy.
Structure suggesting self-similar dynamics in annular discs
Regardless of the foregoing problems, there still exist various (statistically) strong signatures which appear to be fundamental; these are:
1. the existence of the Tully-Fisher scaling relationship (M ≈ a 0 + b 0 log V max ); 2. the long-standing recognition (Danver 1942 , Kennicutt 1981 ) that the spirality of the spiral arms in disc galaxies can be usefully classified in terms of the logarithmic spiral, R = R 0 exp(bθ), for radial displacement R and angular displacement θ.
The second of these signatures, in particular, is consistent with the hypothesis that the dynamics in spiral discs conform to laws of self-similarity. That is, in the annular sub-regions where spirality is manifest,
from which, immediately,
for some undetermined function f (R) and constants (A, B). There are some obvious comments to be made:
1. Since spirality is a property restricted to an annular region of galaxy discs, and since the (logarithmic) spirality property is implied by (1), then this latter hypothesized velocity field must be considered confined to some annular region. The precise quantitative definition of this annular region is given in §3.1;
2. There is a large amount of galaxy rotation data available which makes a statistical study of V rot perfectly feasible so that, in principle, it is possible to hypothesize and test specific proposals for f (R);
3. Until recently, it was thought that there were essentially no systematic radial flows in galaxy discs -presumably because of the mass-flow implications -but it is becoming increasingly recognized that radial flows are a common feature of galaxy discs so that, in principle at least, we can conceive the possibility V rad ∝ V rot for the typical galaxy disc. However, the very small amount of radial flow data presently available renders any large scale statistical study of radial flows impossible, for some years at least.
An hypothesis for f (R) and the manner of its testing
The topic of how best to express rotation curves in some generic functional form has received much attention over the years; but all of these efforts have been focussed on the whole rotation curve. By contrast, here we are concerned only with the rotation curve in a limited annular region (to be precisely defined in §3.1) of the optical domain where self-similar behaviour appears to be manifestedthat is, we are not concerned with rotation curve behaviour in the interior regions, and nor are we concerned with the behaviour where they tend to become (approximately) flat. The most simple possibility that has any chance of accommodating the variation between discs for the two-dimensional velocity field in the optical annulus only is f (R) ≡ R α , so that our hypothesis becomes
where R min and R max defined the boundaries of the annular region to be defined in §3.1. However, as we have already indicated, it is only feasible to consider whether or not V rot ≈ AR α at the moment. We assess the validity of the power-law hypothesis in qualitative and quantitative analyses and briefly describe these in the immediately following.
Qualitative assessment
The adoption of the power-law hypothesis V rot = AR α for the annular disc leads directly to the following results:
1. the classical Tully-Fisher scaling relationship,
defined on the exterior boundary of the annular disc, emerges automatically from the correlation which is found to exist between the power-law parameters (A, α) and global luminosity properties;
2. the power-law exponent, α, which can be estimated independently of distance scales being determined, allows the definition of an enhanced TullyFisher relation of the type
where V max can be defined in many ways without appreciably affecting the quality of the resulting M TF determinations;
3. corresponding to the Tully-Fisher scaling relationship on the exterior boundary of the annular disc, there is a directly analogous scaling relationship
defined on the interior boundary of the annular disc. This result is entirely new, and lead to the identification of the dynamically coherent annular disc as an objective reality.
The fact that these quantitative results arise directly from the hypothesis of V rot = AR α for the annular disc provides considerable circumstantial support for the hypothesis.
Quantitative assessment
Generally speaking, when considering power-law fits to data, it is not possible to say anything more than the power-law does/does not provide a good fit. In the present case, for various reasons, we can go much further: we are able to say that, for all practical purposes, the data behaves as if V rot = AR α is the fundamental law and not merely just a good fit. This is done in the following way: we note that any whole-disc rotation curve can be expressed as
for arbitrary values (R 0 > 0, V 0 > 0, α) and for some suitably chosen function, g(R/R 0 ). We are able to show that for each ORC in the large samples considered, values of (R 0 , V 0 , α) can be chosen (uniquely for each disc) such that
over the annular discs of the galaxies concerned. In other words, g(R/R 0 ) itself behaves similarly to a log-normal random variable with a mean close to zero.
For example, for the case of the Mathewson, Ford and Bucchorn (1992) sample of 900 ORCs, we find N(x, σ) ≈ N(0.002, 0.07).
The implication of this latter result is that, over large samples, the rotational dynamics on the annular disc (to be given an objective operational definition) are described to high precision in a least-square sense by
where (A, α) are parameters determined by the ORC in the annular disc. Alternatively, we can say that deviations from simple power law behaviour in the annular disc are normally distributed with a mean close to zero.
The rotation curve samples
The optical rotation curve samples considered in this analysis are those of:
1. Mathewson, Ford & Bucchorn (1992) which consists of 900 objects hereafter referred to as MFB;
2. Mathewson and Ford (1996) which consists of 1200 objects, hereafter referred to as MF;
3. Courteaux (1997) which consists of 305 objects, hereafter referred to as SC;
4. A composite sample collected from Dale, Giovanelli and Haynes (1997, 1998, 1999) and Dale & Uson (2000) consisting of 497 objects, hereafter referred to as DGHU. This sample was provided by permission of Giovanelli and Haynes.
The folding of rotation curves
The analysis to be described is predicated upon the ability to fold rotation curves with high precision and, in this, Persic, Salucci & Stel (Persic, M., Salucci, P., & Stel, F. 1996, MNRAS, 281, 27) laid out the basic approach to be adopted.
Traditionally, the 'quick and dirty' approach to folding involves simply identifying the photometric centre of a disc (an unambiguous process) and then subtracting the observed redshift at that point from the whole rotation curve. This approach is perfectly acceptable if one is primarily interested in the bulkflow of galaxies. But, if ones primary interest is in the internal dynamics of the galaxies themselves (as was Persic et al's), then it is necessary to recognize that the centre of rotation of a galaxy (its kinematic centre) does not necessarily coincide with its photometric centre. Persic et al found that the best results were obtained if the centre of folding (the kinematic centre) and the systematic recession velocity were treated as two free parameters, to be determined such that the 'folded arms were maximally matched'. The two parameters are varied such that, in a Fourier decomposition of the whole rotation curve (which is purely asymmetric in the ideal case), a normalized measure of the residual symmetric components is minimized.
Due to various problems, such as asymmetric sampling or how many Fourier modes to use for any given ORC etc, the actual implementation of this simple algorithm is complicated, but the code is available from this author.
Finally, one very important point, identified by Persic et al, is that, given a whole set of velocity measurements over a rotation curve it is necessary to also have quantitative estimates of the absolute accuracy of each individual velocity measurement available -and then to use this information as a means of filtering out only the best individual measurements for the folding process. Broadly speaking, any individual velocity measurement is retained only if its estimated absolute error ≤ 5%. For the MFB, MF, SC and DGHU samples, this requirement led to losses of 35%, 25%, 46% and 46% respectively of all individual velocity measurements. The net effect of these data losses meant that many ORCs were then left with insufficient data points on them to permit a reliable folding. The overall attrition rate of ORCs lost to the overall analysis via this process were 3%, 4%, 7% and 8% respectively.
The annular disc: A dynamically coherent whole
The most significant result of this section is the demonstration that the annular disc is a dynamically coherent and objectively defined component of the total disc. Apart from giving the algorithmic definition of the annular disc, the demonstration consists in showing how the interior boundary of the annular disc is a dynamical transition region between the inner and outer parts of the disc on which a scaling law, directly analogous to the classical Tully-Fisher scaling law, is defined.
Extraction of the annular disc from the whole disc
The process to be described is based on the hypothesis that V ≈ [V] model ≡ AR α describes rotation velocities in ORCs in certain annular regions which are to be extracted from the whole disc. Before describing the extraction algorithm, there are two important notes to be made:
1. By the 'whole disc' in this context, we mean the complete set of velocity data for the disc with the exception of any filtered-out poor-quality individual measurements (cf last section). The annular disc is extracted from the whole disc using a statistical algorithm based upon the technique of linear regression: following conventional definitions, an observation is reckoned to be unusual if the predictor is unusual, or if the response is unusual. For a p-parameter model, a predictor is commonly defined to be unusual if its leverage > 3p/N, when there are N observations. In the present case, we have a two-parameter model so that p = 2. Similarly, the response is commonly defined to be unusual if its standardized residual > 2.
2. The prescription V ≈ AR α can only be completely specified for any given ORC when the distance scale has been set. However, the exponent α is independent of the distance scale; consequently, the identification of any annular region over which the approximate power-law may be valid is also independent of the distance scale. For this reason, the extraction algorithm described below assumes that radial displacements are specified in radians, R (radians) say; the corresponding calculated A is denoted as A * .
The computation of (α, ln A * ), for any given folded and inclination-corrected rotation curve, can now be described using the following algorithm:
for the rotation velocity in some annular region of the disc, to be determined. But initially, use the whole disc ORC; 2. Form an estimate of the parameter-pair (α, ln A * ) by regressing the ln V data on the ln R (radians) data for the folded ORC;
3. Determine if the innermost observation only is an unusual observation in the sense defined above;
4. If the innermost observation is unusual, then exclude it from the computation and repeat the process from (2) above on the reduced data-set;
5. If the innermost observation is not unusual, then no further computation is required:
(a) the remaining set of points at this stage are considered to define the extracted annular region. The minimum value of R for any given disc, R min say, defines the radius of the interior boundary of the extracted annulus and V min denotes the rotation velocity on this interior boundary;
(b) the current value of α defines the exponent of the power-law over the extracted annular region;
(c) the value A * has no particular significance since a distance scale has yet to be set.
This algorithm has the result that, on average, (α, ln A * ) is computed on the exterior 88% of the data points in each ORC of the MFB sample, the exterior 87% of data points in each ORC of the MF sample, the exterior 91% of data points in each ORC of the DGHU sample and the exterior 91% of the data points in each ORC of the SC sample.
An old result quantified and refreshed
It has been known for a long time that, in a qualitative sense, the steeper the rise of a rotation curve on its interior portion, then the flatter the rotation curve is in its exterior portion.
Given our hypothesis that V ≈ AR α on the annular disc, then it is clear that the parameter A has the numerical value of the approximate rotation velocity at 1kpc (given that R is in units of kpc) -as estimated by using the power law to extrapolate (or interpolate) the data to 1kpc. It follows that the value of A can also be considered as a proxy measure for the steepness of the initial rise of the rotation curve in which case, given the qualitative statement above, we should expect A and α to be in an inverse relation to each other. To summarize, the given analysis quantifies old qualitative knowledge by providing an explicit and well-defined partition of the optical disc into distinct dynamical regions: the interior disc containing the steep initial rise, and the exterior annular disc over which -as we shall demonstrate -the rotational dynamics are described to extremely high fidelity by the V ≈ AR α .
Scaling laws and the annular disc
The algorithm described in §3.1 will always produce a result in the form of an extracted annular disc. So, the significant questions are:
1. Does the process described have any basis in physics so that the annular disc can be identified as a physically coherent distinct sub-component of the whole disc ?
2. Or is the data reduction process essentially arbitrary, the product of which has no physical significance whatsoever?
In the following, we show that a scaling law similar to the Tully-Fisher law which applies at the exterior boundary of the annular disc also applies on its interior boundary, R ≡ R min determined in §3.1, and at similar levels of statistical significance. Thus, this interior boundary is a boundary of objective physical significance which scales according to luminosity and which defines, in effect, the transition within the disc between one form of behaviour and another.
The interior Tully-Fisher law
In the following, we establish the existence of a Tully-Fisher-type law on the interior boundary of the annular disc. The results of the individual regressions are given below:
The quoted t-statistic is each case refers to the estimated gradient value and it is quite obvious that, in every case, the dependence of the Tully-Fisher estimated absolute luminosity, M TF , upon the rotational velocity on the interior boundary of the annular disc is established at the level of statistical certainty.
It is interesting to note the remarkable consistency in the regression models arising from the MFB, MF and SC samples, with that arising from the DGHU sample being significantly different. the reasons for the discrepant nature of the DGHU results are not clear.
Conclusions for the annular disc
It has been demonstrated, at the level of statistical certainty, that a scaling law analogous to that of Tully-Fisher, exists on the interior boundary on the extracted annular disc. This establishes that:
1. the extraction process is not arbitrary, but gives a result which has an objective physical significance;
2. the annular disc is a physically coherent distinct component of the complete disc;
3. the boundary between the inner-disc and the annular disc is a physical transition boundary between one form of dynamical behaviour and another;
4. the power-law hypothesis, V = AR α , for the annular disc provides a good statistical description for the rotational dynamics in annular discs over large samples. This conclusion will be quantified in a later section.
An enhanced Tully-Fisher law: the parameter α
The classical Tully-Fisher scaling law is given by
where V rot is an estimated maximal (or characteristic) rotation velocity. The actual precise definition of V rot is highly problematical -especially when working in the optical -and very much effort has been expended in trying to construct algorithmic definitions for it. In this section, we consider an enhanced Tully-Fisher scaling law
where the parameter α is the exponent in the power-law fit V rot = AR α to any given rotation curve, and we show that the inclusion of the term α log V rot in (4):
• makes the performance of the Tully-Fisher scaling law insensitive to the definition of V rot ;
• improves the performance of the Tully-Fisher scaling law when the chosen definition of V rot is sub-optimal.
V rot definitions used in the present analysis
The various definitions of V rot used in this analysis to make the point are listed as follows:
• 
The analysis
For each of the four samples, MFB, MF, DGHU and SC, available to us we:
• calibrate the classical Tully-Fisher scaling law using Hubble distances together with:
-the rotational velocities provided by the authors concerned. For MFB, MF and DGHU, these are estimated using versions of the histogram method so that V rot = V hist . For SC, these are estimated using various model linewidths; we consider just two of these, his V 2.2 and V max ;
-the rotation velocities interpolated to the optical radii, R 83 , V opt say;
• calibrate the enhanced Tully-Fisher scaling law, (4), for the same samples and definitions of V rot ;
• compare the fits of the classical Tully-Fisher scaling laws to the enhanced scaling laws over each of the four samples and for each of the definitions of V rot considered. The detailed analyses are given in the appendices but the results are summarized in figure 2 : The samples are given in the major columns and the major columns are subdivided according to which definition of V rot is used. The relative scaling-law performance is estimated using a normalized measure of the fit of the scaling law to the data, as follows:
• for each sample, the classical scaling law is calibrated using V hist in the case of MFB, MF and DGHU and V 2.2 in the case of SC;
• in each case, an estimate of fit to the data is given by the adjusted R 2 parameter, labelled R 2 MFB , R 2 MF , R 2 DGHU and R 2 SC respectively;
• each of R 2 MFB , R 2 MF , R 2 DGHU and R 2 SC is normalized to unity; • for every other calibration of either the classical scaling law or the enhanced scaling law, the corresponding estimate of fit, R 2 , is normalized using one of R 2 MFB , R 2 MF , R 2 DGHU and R 2 SC , as appropriate. In figure 2 , the filled circles respresent the normalized R 2 values arising from the classical scaling law whilst the open diamonds represent these values aris-ing from the enhanced scaling law. The figure makes it very clear that the effectiveness of the enhanced scaling-law is very much less sensitive to the definition of V rot than that of the classical scaling law. In particular:
• in every case, V rot = V opt performs poorly in the classical scaling law but performs comparably with all other choices in the enhanced scaling law;
• for the DGHU and SC samples, the choices V hist and V 2.2 respectively appear to be optimal in the sense that the use of the enhanced scaling law makes no measurable difference over the classical scaling law;
• for the MFB and MF samples, the enhanced scaling law gives measurable, but small, improvements over the classical scaling law when V hist is used. The detailed analysis, given in the appendices, shows that these improvements are strongly significant in a statistical sense;
• for the SC sample, the enhanced scaling law gives much larger measurable improvement over the classical scaling law when V 2.2 is used.
Interim conclusions
We have demonstrated that the inclusion of the predictor α log V rot has the potential to greatly improve the predictive power of the Tully-Fisher scaling law but that, in practice, improvements are strongly contingent of the precise definition of V rot employed. It appears that there is an optimal definition of V rot which is similar to those employed by DGHU and SC but, whichever definition is used, suboptimal choices are brought to near-optimality by the inclusion of α log V rot as a predictor.
The classical Tully-Fisher scaling law
So far, we have shown that new insights into scaling laws for galaxy discs arise when we assume that V ≈ AR α over some partition of galaxy discs, R min < R < R max say. In the following, we:
1. show how the Tully-Fisher scaling law emerges from the power-law hypothesis for the annular disc;
2. clarify why α ln V rot can be expected to be a significant predictor according to the precise definition chosen for V rot .
The power-law hypthesis and the Tully-Fisher scaling law
Given the hypothesis V = AR α for the rotation velocity in the annular disc, where (A, α) vary between discs, then for an arbitrarily chosen point (R 0 , V 0 ) on any given rotation curve, we have
But we know that if, for example, we choose V 0 = V rot on any given ORC then correlations of the type
In practice, an exploration of the MFB, MF, DGHU and SC samples (see §6 for the quantitative numerical details) shows that models of the general type
where S is the surface brightness, are comprehensive (that is, all significant predictors are included) and account for, typically, 95% of the variation in ln A data.
A quick comparison of (5) with (6) shows that the decomposition
is possible so that, immediately, we have the classical Tully-Fisher scaling law, together with a corresponding relation giving the value of R ≡ R 0 at which V 0 is measured. However, the decomposition (7) is not unique and in this observation we find an understanding of the appearance of α ln V rot as a predictor.
The predictor α ln V rot in the Tully-Fisher scaling law
The considerations of §5.1 above lead to an understanding of why α ln V rot is also a predictor in Tully-Fisher calibrations, and of why its significance varies according to the definition of V rot employed.
In effect, (7) defines both a particular characteristic velocity on an ORC and the characteristic radius at which this velocity is to be measured, both being determined in terms of luminosity properties of the galaxy concerned. However, suppose that we wish to defined the characteristic velocity at lnR 0 ≡ ln R 0 + ∆ ln R 0 rather than at ln R 0 . Then (7) shows that, since M and S are fixed for the galaxy, ∆ ln R 0 = 0 can only arise from some perturbation of (b 1 , b 2 , b 3 ) -for example, ∆ ln R 0 = −∆b 2 M. In this case, (5) can only be satisfied if (7) becomes
Thus, the simple act of redefining the characteristic radius according to R 0 →R 0 immediately causes α lnV 0 to become a predictor for M.
In other words, whether or not α ln V 0 is a significant predictor in any given case depends entirely upon the definition adopted for V 0 which, in effect, amounts to systematically selecting a particular definition for R 0 .
The detailed analysis of the four samples
In the following, we show how the considerations of the previous section work in practice in the context of the samples of MFB, MF, SC and DGHU: in particular, we explore the model
for those samples where, in each case, M TF is estimated using Tully-Fisher relationships calibrated by the authors concerned.
The sample of MFB
The MFB sample contains 864 ORCs that we were able to fold and, after removing 28 of the more extreme outliers, the model (8) is defined by the table: 
The sample of MF
The MF sample contains 1083 ORCs that we were able to fold and, after removing 26 of the more extreme outliers, the model (8) 
The sample of DGHU
The DGHU sample contains 497 ORCs that we were able to fold and, after removing 24 of the more extreme outliers, the model (8) so that, from (7) we immediately get
The first of these two relations gives, directly (to two decimal places) 
The sample of SC using V max
The SC sample contains 282 ORCs that we were able to fold and, after removing 24 of the more extreme outliers, the model (8) so that, from (7) we immediately get
The first of these two relations gives, directly (to two decimal places)
which is to be compared with SC's calibration of the Tully-Fisher relation using his V max , M TF = −6.19 log 10 V rot − 7.50.
A quantitative test of the power-law hypothesis
So far, the assumption of the power-law hypothesis, V rot = AR α , has led to considerable new insight into the scaling properties of galaxy discs so that ipso facto the hypothesis has great utility in practice; however, these results amount to qualitative evidence in favour of the hypothesis.
In the following we give a quantitative data analysis which shows that, at the level of statistical certainty, rotation velocities within the annular disc (defined in §3) of spirals behave as if the power law hypothesis
where (α, V 0 , R 0 ) are parameters unique to each galaxy, is the physical law governing rotation velocity within spiral discs. 
The analysis
Any rotation curve can be expressed as
for arbitrary (R 0 > 0, V 0 > 0, α) and a suitably chosen function, g (R/R 0 ). From this there follows immediately
In the following, we show that, on the basis of the four large samples, X = 1 in a statistical sense. The analysis proceeds as follows:
• choose the scaling functions relating (V 0 , R 0 ) to luminosity properties, as one of (9), (10), (11) or (12) depending on the ORC sample being considered;
• with the chosen scaling functions, perform a linear regression of log (V/V 0 ) on log (R/R 0 ) as described in §3.1;
• we now have a linear model for (14) for the chosen ORC where the gradient gives an estimate of α and the zero point represents the log X term.
• the normalized histograms of the log X distributions, together with the best fitting pdf, is given in figure 2. For each of the four samples, the best pdf fits are given in the table:
• It follows from the latter table and (14) that X = 1 in the statistical sense, and at the level of near statistical certainty. In other words, there is absolutely no evidence to suggest that the power-law hypothesis for rotation velocities in the annular disc is not supported and that, for all practical purposes, we have
for the annular disc in each of the four samples analysed.
Conclusions
It has been shown, at the level of statistical certainty, that:
• the optical disc of spiral galaxies consists of two quite distinct dynamical regions comprising an interior central sub-disc and a surrounding annular disc with an objectively defined dynamical transition boundary separating the two regions;
• that a scaling law, similar to the classical Tully-Fisher scaling law, applies on the interior boundary of the annular disc.
Furthermore, the analysis has provided a refinement of the Tully-Fisher scaling law, involving an additional parameter, which renders it insensitive to the precise definition of (optical) rotation velocity employed.
A The samples of MF and SC and α log V rot
In the following, we describe the analyses corresponding to that of §4 applied to the samples of Mathewson & Ford, and Courteaux. For each sample, we use two definitions of V rot :
• V rot = V author ;
• V rot = V opt defined as the rotational velocity estimated at R 83 .
For each sample, we find that the use of V opt in the classical Tully-Fisher scaling law gives very significantly worse results that the use of V author . However, we then find that performance of the enhanced Tully-Fisher law (with α log V rot ) is insensitive to the precise definition used of V rot with, for example, V opt being comparable to V author for overall effectiveness.
A. 
The enhanced Tully-Fisher scaling law with V rot = V hist
We find, for the enhanced model, using exactly the same reduced data set, 
Adj R 2 = 86%, RSE = 0.44 so that, according to the t-statistic for the gradient of the α log V rot component (t α = 6.5), this component appears to be present in the model in a highly significant way. However, each model explains about 85% of the variation in the data so that the inclusion of α does not make much difference to model's predictive power in this case.
A.2 Sample of MFB using V rot = V opt
In the following we show that, for the MFB sample, V rot = V opt performs poorly compared to MFB's own determination, V rot = V hist , but that when α is included as a predictor, the enhanced model (using V rot = V opt ) is directly comparable to models (15) and (16) above. 
A.3 Sample of Dale et al using V rot = V hist
The primary conclusion from the foregoing analysis of MFB data is that the inclusion of the predictor α ln V rot significantly enhances the performance of the Tully-Fisher scaling law. However, it transpires that the degree of this enhancement depends on the precise definition of V rot employed, as we now demonstrate via the analysis of the DGHU data.
The classical Tully-Fisher scaling law with V rot = V hist
If we calibrate the basic Tully-Fisher law using Dale's own estimates (0.5 (V 90% − V 10% )) for V rot and absolute magnitudes calculated from Hubble distances with H = 85km/sec/kpc we find, for the TF classical model, M TF = (−7.18 ± 0.28) + (−6.48 ± 0.13) log V rot ; (n = 478, t = −52) Adj R 2 = 85%, RSE = 0.40 after removing eighteen of the most extreme outliers. The quoted t-statistic refers to the gradient estimate. We note that the gradient lies well within the accepted envelope.
The enhanced Tully-Fisher scaling law with V rot = V hist
We find, for the enhanced model, using exactly the same reduced data set: 
A.4 Sample of Dale using V rot = V opt
To emphasize the point that it is Dale's definition of V rot which makes α log V rot insignificant, rather than some property of the sample, we repeat the analysis of DGHU data, but using V rot ≡ V opt .
The classical Tully-Fisher scaling law with V rot = V opt
We find, for the classical TF model using
M TF = (−7.54 ± 0.38) + (−6.22 ± 0.17) log V opt ; (n = 477, t = −37)
after removing eighteen of the most extreme outliers. The quoted t-statistic refers to the gradient estimate. We note that this model is considerably less effective in explaining the data than when V rot = V hist is used.
The enhanced Tully-Fisher scaling law with V rot = V opt
For the enhanced model, we find
so that, according to the t-statistic for the gradient of the α log V rot component (t α = 15), this component appears to be present in the model in an extremely significant way. Furthermore, the inclusion of the predictor α log V rot has sufficiently enhanced the predictive power of the model so that it is comparable with the model which uses V rot = V hist .
A. We find, for the enhanced model, using exactly the same reduced data set,
so that, according to the t-statistic for the gradient of the α log V rot component (t α = 6.6), this component appears to be present in the model in a highly significant way.
We see that the inclusion of the predictor α ln V rot gives a significant, but small, improvement in performance.
A. A.7 Sample of SC using V rot = V model ≡ V max
Courteaux's paper is primarily a study of various methods of estimating V rot for Tully-Fisher studies and his estimator V max is derived from as the peak velocity achieved by a particular phenomenological model.
The classical Tully-Fisher scaling law with V rot = V max
If we calibrate the basic Tully-Fisher law using Courteaux's V max and absolute magnitudes calculated from Hubble distances with H = 85km/sec/kpc we find, for the classical TF model, M TF = (−5.53 ± 0.50) + (−6.66 ± 0.22) log V rot ; (n = 254, t = −30) Adj R 2 = 78%, RSE = 0.39 after removing twenty of the most extreme outliers. The quoted t-statistic refers to the gradient estimate. We note that the gradient lies well within the accepted envelope.
The enhanced Tully-Fisher scaling law with V rot = V max
We find, for the enhanced model, using exactly the same data set M TF = (−6.85 ± 0.52) + [(−6.17 ± 0.22) + (0.36 ± 0.06) α] log V rot ; (n = 254, t grad = −28, t α = 5.9) Adj R 2 = 81%, RSE = 0.36 so that, according to the t-statistic for the gradient of the α log V rot component (t α = 6.3), this component appears to be present in the model in a highly significant way.
